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The adjoint method is an efficient way to obtain gradient information in a mantle convection model relative to past flow structure, allowing one to retrodict mantle flow from observations of the present-day mantle state. While adjoint equations for isochemical mantle flow have been derived for both incompressible and compressible flows, here we extend the method to thermochemical mantle flow models, and present thermochemical adjoint equations in the elastic-liquid approximation. We verify the method with twin experiments, and retrodict the flow history of a thermochemical reference model (reference twin) assuming for the final state, either a consistent thermochemical interpretation, using the thermochemical adjoint equations, or an inconsistent purely thermal interpretation, using the isochemical adjoint equations. The consistent simulation correctly retrodicts the flow evolution of the reference twin. The inconsistent case, instead, restores a false flow history whereby internal buoyancy forces and convectively maintained topography are overestimated. Because the cost function is reduced in either case, our results suggest that the adjoint method can be used to link assumptions on the role of chemical mantle heterogeneity to geologic inferences of dynamic topography, thus providing additional means to test hypotheses on mantle composition and dynamics. of the reference final state and using the thermochemical adjoint equations, or assuming an inconsistent purely thermal interpretation and using the isochemical adjoint equations. The thermochemical adjoint equations correctly restore the reference twin evolution, while the purely thermal interpretation yields retrodiction errors from an overestimate of buoyancy forces. The latter are revealed by errors in the retrodicted evolution of convectively maintained topography.
Method
Here, we present the forward-adjoint set of equations for anelastic-liquid approximation [38] with thermochemical heterogeneities. To highlight the differences with respect to the equations in [14] , the new terms are printed in bold.
(a) Forward modelling
The compressible forward mantle convection equations follow from conservation principles for mass, momentum, energy and composition [35] , where chemical diffusion is negligible, since the diffusive transport is ∼ 1 m over the age of the Earth [39] :
and
Variables in (2.1a-d) are: velocity v, second-order unit tensor 1, pressure P, temperature T and composition C, with the following physical parameters: radial density profile of the Earth ρ r [40] , dynamic viscosity η, Grüneisen parameter γ , specific heat at constant volume c v and thermal conductivity k. The compositional field C represents the ratio of a given chemical composition for a given volume in the computational domain, e.g. a value of C basalt = 0.5 implies an average composition of half basalt, and half pyrolite. Important in (2.1b) is the buoyancy force, F, coupling equation (2.1b) with (2.1c) and (2.1d):
Parameters in (2.2) are gravitational acceleration g, thermal expansion α, the isothermal modulus of bulk compressibility K T , the fraction of compositional density difference β and the outward pointing radial unit vectorê r .
(b) Adjoint modelling
To restore past mantle states, one iteratively minimizes a misfit function χ that measures the difference between modelled final state temperature and composition, and reference thermal and compositional field, taken to be representative of the current mantle state:
3)
It can be shown that the Fréchet derivative (see supplementary material for a definition) of (2.3) with respect to the initial temperature T 0 and composition C 0 is with Ψ and Γ satisfying the following partial differential equations: 
Twin experiments
We verify the newly derived equations with twin experiments, where we retrodict the evolution of a reference model (reference twin) with thermochemical anomalies. The forward mantle convection equations are solved with the three-dimensional spherical mantle convection code TERRA [41, 42] for compressible, isoviscous flow implemented on a cluster dedicated to largescale geophysical capacity computing [43] . Table 1 are the model parameters employed in this study. Thermodynamic reference states are the same as in Bunge et al. [44] . The compositional field is simulated via the tracer ratio method [45] , using ∼ 15 million particle tracers, with dense material (basalt) having a ratio of 1 (C = 1) and regular material (pyrolite) with C = 0. In the lowermost 700 km of the reference twin, the initial condition (t = t 0 = 0) consists of a Gaussian thermal anomaly with root mean square (RMS) width of 1000 km and a maximum excess temperature of 1000 K, centred at zero longitude and latitude, consistent with seismic models featuring broad plumes [28] . Embedded within the thermal anomaly is a Gaussian shaped pyrolite/basalt mixture, with RMS width of 750 km and a maximum particle ratio C = 0.5. That is, except for the lowermost 700 km the model is pure pyrolite, with no deviations from a radial temperature profile. Starting from the initial condition, the reference twin convects forward in time for one plume transit-time ( t), corresponding to ∼ 50 Myr of Earth time [44] . Figure 1a visualizes the evolution of the reference simulation (reference twin), with the thermochemical anomaly rising from the lower mantle to reach the surface after a transit time at t = t 1 = t. Figure 1a also reports the vertically exaggerated flow induced dynamic topography in a ∼ 4000 km wide (diameter) area right above the plume (see [2] for details of dynamic topography calculation).
Physical interpretations of mantle seismic anomalies are complicated by trade-offs between thermal and chemical contributions to seismic wave speeds, as noted before. We reproduce this non-uniqueness in our twin experiments as follows: We convert the final state of the reference twin (figure 1a at t = t 1 = t) to shear wave velocity using a mantle mineralogy model for pyrolite and basalt [37] (see the electronic supplementary material for details). Figure 1b reports the resulting shear wave velocity variations. Next, we convert the shear wave velocities back to temperature and density, (1) assuming knowledge of the pyrolite and basalt fraction (consistent interpretation) or (2) assuming a pure pyrolite composition (inconsistent interpretation). Figure 1c ,d show the two conversions. The consistent interpretation is identical to the reference final state (figure 1c), as expected, while the inconsistent one (figure 1d) differs in its absence of basalt.
We perform two different adjoint retrodictions, using either the consistent final state interpretation, which we call consistent retrodiction, or the inconsistent one, which we call Figure 1e reports the consistent retrodiction after 11 adjoint iterations, performed with the newly derived thermochemical adjoint equations (2.5a-d). The Gaussian shapes of the thermal and compositional anomalies are recovered, and the reconstructed plume ascent conforms to the evolution in the reference twin, being visually identical to the reference final state at t = t 1 = t. Thermal and compositional reconstruction error in the consistent model lies below 30 K and 0.04 (see figure 2b) . The retrodicted flow-induced topography also agrees with the reference twin. The inconsistent retrodiction after 11 adjoint iterations is shown in figure 1f .
Here the isochemical adjoint equations of [14] are solved, as the basalt to pyrolite ratio is assumed to be zero in this model. The retrodicted final state is visually identical to the inconsistent (purely thermal) interpretation of the reference final state (figure 1d), with thermal errors not exceeding 50 K (see figure 2d) . In other words, the adjoint method minimized the (purely thermal) misfit function. But compared to the reference initial state, there are major differences in the retrodicted initial thermal anomaly. Much of the retrodicted initial state temperature in the deep mantle is also lower by ∼ 300 K, with an axial spurious hot thermal anomaly. The latter reaches 600 K in the centre of the uppermost mantle. To demonstrate this further, figure 2 summarizes compositional and thermal error in the consistent retrodiction (initial state: figure 2a, and final state: figure 2b ) and in the inconsistent retrodiction (initial state: figure 2c, and final state: figure 2d ). Figure 2e shows the misfit reduction in both models. In both consistent and inconsistent retrodictions, the misfit function (2.3) is minimized. That is, independent of the accuracy and consistency of the assumptions on the reference state of the mantle (i.e. present-day thermal and/or chemical properties implicit in (2.3) ), and the underlying governing equations (e.g. compressible (chemical) equations) a minimization of χ is achieved. The inconsistency, however, will result in erroneous figure 1a has resulted in errors in the evolution of the dynamic topography, as expected (see figure 3 for a comparison).
Discussion and conclusion
Reconstructions of past mantle flow allow geodynamicists to test mantle convection models against observations gleaned from the geologic record. These reconstructions rely on the minimization of an objective functional χ , which measures the differences between model predictions and observables. The necessary condition for a minimum of χ requires the differentiation of the forward model with respect to past mantle states. While this can also be achieved by an automatic differentiation approach [46] [47] [48] , adjoint method allows one to compute the analytical form of the required derivatives. The analytical forms provide insight into the meaning of the derivative terms, which makes the adjoint method in geodynamic modelling attractive [16, 49, 50] . Our paper extends the method from purely thermal to thermochemical mantle heterogeneity, and presents thermochemical adjoint equations in the anelastic-liquid approximation. The newly derived equations differ from their isochemical counterpart: four conservation equations in the forward problem (2.1a), (2.1b), (2.1c) and (2.1d) lead to four adjoint equations (2.5a),(2.5b), (2.5c) and (2.5d), respectively. These equations link corrections of the initial thermal and compositional fields to the final state misfit (2.3), through the adjoint temperature and composition equations (2.5a) and (2.5b). While the temperature equation is the same as in the isochemical case derived by Ghelichkhan & Bunge [14] , the back-projection of compositional misfit is governed by ∇ · (Γ v), implying a backward advection of residuals v · ∇Γ , and a projection of the residual gradient onto the forward flow trajectory Γ ∇ · v. The effects of the erroneous forward flow trajectory in backprojection of the thermal and compositional residual is then being corrected for by βρ r g · φ in the adjoint composition equation (2.5b), and −αρ r g · φ in the adjoint temperature equation (2.5a). These terms further imply a coupling to the adjoint momentum equation (2.5c) through T∇Ψ and C∇Γ terms.
Our twin experiments show that the new equations minimize the final state misfit and restore the initial condition of the thermochemical reference twin. This is consistent with earlier results for the isochemical adjoint method, demonstrating that the restoration problem converges, if the surface velocity field is known [51] . Under this condition, Horbach et al. [13] report a small null space for the reconstructed flow evolution. Forward mantle convection models support the finding. Colli et al. [52] observe that knowledge of the surface velocity field extends the predictability of global mantle flow models, yielding negative Lyapunov times. This means that in time a mantle convection model evolves closer to a reference trajectory, even if it was started from a poor guess of the true initial condition. Past plate motion models provide us with histories of the surface velocity field of the Earth's mantle for periods comparable to a mantle transit time [53] , suggesting that mantle flow can be retrodicted for comparable times, although poorly known parameters, such as choices of reference frame, contribute uncertainty especially as one goes further back in time [54, 55] .
The inconsistent retrodiction, using the purely thermal interpretation of the final state and applying the isochemical adjoint equations, also minimizes the (purely thermal) final state misfit (figure 2e,b), but yields retrodiction errors (figure 2a). That is minimizing the final state misfit does not assure accurate flow restorations. In the absence of the heavier basalt component buoyancy forces are overestimated by the inconsistent retrodiction, necessitating an overall colder mantle and weaker thermal buoyancy. The erroneous nature of the retrodiction is brought out by the time trajectory of the model, that is the retrodicted evolution of convectively maintained topography. Figure 3 summarizes the dynamic topography evolution in the consistent (a) and inconsistent (b) retrodiction. In the former, the dynamic topography is retrodicted reasonably well, while its growth rate and amplitude are misrepresented by the latter.
Our twin experiments are performed as a mere feasibility study of the newly derived equations. Consequently, they are implemented with a low numerical resolution and a Rayleigh number of ∼ 10 5 . The low Rayleigh number implies thicker thermal boundary layers, and higher thermal diffusion compared to an Earth-like convective vigour. While the use of the lower Rayleigh number reduces the computational cost, it actually makes it more challenging for the adjoints to restore initial thermal and/or compositional fields, because the irreversible effects of thermal diffusion are more pronounced. That is, adjoints in models with higher Rayleigh numbers are expected to yield better reconstructions of the initial state. By deriving a shear wave velocity representation for the final state of the reference twin, we emulate in part the mapping performed when going from tomographic to geodynamic mantle models. In our consistent interpretation the mapping, in effect, proceeds under the assumption of a priori knowledge for the elastic structure and the pyrolite to basalt fraction. In reality such a priori knowledge is not available, because first, the mapping from seismic to geodynamic structure involves bias from tomographic imaging, and second, the amount of chemical heterogeneity is not known upfront. In other words, uncertainty in mantle structure and composition adds complexity to final state misfit interpretations in the adjoint method. Some uncertainty can be reduced by progress in seismology: tomographic bias, for instance, can be alleviated with improved seismic imaging techniques [56] , constraints on mantle density and composition can be enhanced from Stoneley mode splitting observations [57] , and seismic earth models can be upgraded frequently in collaborative efforts [58] . Our results, however, suggest that mantle flow restorations may also help to reduce uncertainty, by revealing retrodiction errors associated with inconsistent interpretations of mantle structure and composition when compared with geologic inferences, for instance, on past dynamic topography evolution.
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